9. cviceni - TeSeni

Priklad 1 (a)

2z +1 A . B
(x+1)(2zx+3) x+1 22+3
20 +1=AQ2x+3)+ Bz +1)

r=—1= -1=4-3-2) = A=-1

x:—g — 1—3:3-_71 — B=4

21""1 lin. 1 1 .
dz = — [ ——dz +4 de = -1 1|+ 2log |22 + 3
/(w+1)(2x+3) ’ /x—i—l v /2x+3 z og |z + 1|+ 2log |2z + 3|

Piiklad 1 (b)

z—1 _é_{_ B n C . D
rz+1)3 = x4+l (z+1)2  (z+1)3
r—1=A(x+1)°+ Bx(x +1)* + Cx(z+ 1)+ Dx

r=0 = —1=4-1> = A=-1
r=—-1 = —2=-D = D=2
v—1=—(2"+32"+32+1)+ B(a® +22° + 2) + C(2* + 2) + 2z
x—1=—2%—-32°>—-32 -1+ Bz® +2Bx?* + Bx + Ca2®> + Cz + 2z
t—1=(B—-1)2>+(-3+2B+C)2’+(-1+B+C)z—1

Porovnénim koeficientt u jednotlivych mocnin x dostdvame soustavu:
0=B—-1= B=1

0=C+2B-3
1=C+B-1=1=C+1-1=— C=1

Lze snadno ovéfit, Ze druhé rovnice je téz splnéna: 14+2-1—-3 = 0.

/ z—1 qp /1 q +/ 1 n 1 n 2 d
————de = - [ —dx T =
z(x+1)3 x z+1 (z+1)2 (xz+1)3

1 1 2

—ly=o+1, dy= daf = ~loglol + [ 4 4 dy =
y oy Yy

1 1

c 11
= —log|z| + 1o — - — — = —loglz| +log|x + 1] — -
glel+loglyl = - = 5 glel+loglo+ 1/ = =y = oy

Priklad 1 (c)
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/

15_3
:z 1 =B+ 11— dle déleni mnohoclenu mnohoclenem
T — T —
15 15 14 2
-3 in. 2
Priklad 1 (d)
xt _x4+5x2+4—5x2—4_ 52+ 4
zd 52244 xd 4+ 522 4+ 4 N x4+ 522 4+ 4

gt 4522 +4 = (22 + 1) (2 +4)

—5z2—4 _Aa:+B Cx+ D

(22 +1)(22 +4) 22+1 L,
— 52?2 —4=Ax® +4Ax + Bx> + 4B+ C2® + Cx + D2*> + D

— 502 —4=(A+C)z* + (B+ D)2’ + (4A+C)z +4B+ D

Porovnanim koeficienti u jednotlivych mocnin z dostavame soustavu:

0=A+C =% 0=-34 = A=0,C=0

—5=B+D
0=4A+C
2 1 16
—4:4B+D:>—4:4B—5—B:>3B:1:>B:§,D:—§
/ x4 dli_n./1d+1/1 d 16 1 o —
b4 ) 21T 3 2ra T
i 1 16 1 1 1 1 16 1
1£'x+arctanx—-/2da::y:$, dyzdxzx—karctanx—/ d
3 34/ (241 2 2 3 6 ) y?+1

1 16
< r+4 —arctanz — — arctany =z + 3 arctanx — 3 arctan 5

Priklad 1 (e)

z? Cat+22?7-3 22243 —2z% 43
x4 +202 -3 x4 4202-3 44 222-3 xt+ 222 -3

2t 4202 -3 = (2 -~ 1)(2?+3) = (z — 1)(z + 1)(2* + 3)

y:
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—22% 43 _ A B, CitD
(z—D(z+1)(22+3) x+1 x—-1 2243
— 202 +3=A(x—1)(2*4+3)+ Bz + 1)(2* 4+ 3) + (Cz + D)(z*> — 1)

r=1 —>3-2-B.2.4 — B—_

1
r=—-1=1=A4-(-2)-4 = A:—g
1 3 1 3 1 3 1 3
—22 43 =—2P - a4 P+t -+ S+ C3—Cx+ D2z’ — D

8 87 '8 8 '8 8 '8 8
1
—2x2+3:Cx3+<4+D>x2+—C’x+g—D

Porovnénim koeficientt u jednotlivych mocnin x dostdvame soustavu:

C=0
1 9
—-2=D+4+- = D=-2—-=—-
+ 4 4 4
0=-C
6
3=--D
8
Ziejmé dostavame C' =0, D = —%, coz spliuje vSechny uvedené rovnice.

Mame tedy: A=—-%,B=1%C=0,D=-7

z? lin 1 1 1 1 9 1
S Y S P dz + = -2 ——— de=
/x4+2x2—3 o / o 8/x+1 x+8/x—1 o 4/:1:2+3 o

1 /1 1 /1 9 1 1
=ly=z+1, dy= dz,z=2—1, dz:dx]:x—/dy—i—/dz—-/zdx:
8J vy 8J) z 4 3 (i> 1
V3
T 1 lin. 1 1 3V3 1
=lu=—,du=—=dz| =z — =1 -1 — du =

[lo

1 1 3v3 1 1 3V3
x—glog]y|+§log|z|— arctanu:x—810g\x+1\+810g|m—1|—\farctanx

4 V3

Piiklad 1 (f)

1 1
(22 — 4z + 4) (2?2 — 42+ 5) - (x — 2)2(22 + 42 + 5)
1 A B Cx+D
(x —2)%2(22 + 4z +5) :x—2+($—2)2+x2—4x+5
1= Az —2)(2? — 42 +5) + B(x? — 4x +5) + (Cx + D) (2 — 4x + 4)

r=2 = 1=B4—-8+5) = B=1

1= Ax® —4A2° + 5Ax — 2A2% + 8Ax — 10A + 22 —4x + 5 + Oz — 4C2? + 4Cx + Dz® — 4Dx + 4D
1=(A+C)2® + (—4A—-2A+1—4C + D)z* + (5A +8A — 4+ 4C — 4D)x — 10A + 5 + 4D |
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Porovnénim koeficientt u jednotlivych mocnin x dostdvame soustavu:

0=A+C = C=-A4 = A=0

0=-6A+1-4C+D = —1=20+D = D=-1-2C = D=1
0=134—44+4C —4D == 4=-90C —4D =2 4= 90 +4+8C = C =0
1=—10A+5+4D == —5=10C +4D

Dostavame: A=0,B=1,C=0,D = —1.

/ ! d [ e [
(22 — 4z + 4) (22 — 4z + 5) ) (x—2)? 22 —dx+5

1 1 1 1
- dy— [ ——  dr=|y=2-2 dy=dz|= [ = dy— [ —— dy =
/($_2)2 y /($_2)2+1 r=ly=x-2,dy | /y2 y /y2+1 y

1
— —arctany = ———— — arctan(z — 2)
Y 2

[lo

Piiklad 1 (g)

x2 Axr+ B Cx+ D
(@@ 420422 242042 (22420 +2)
1? = (Az+ B)(2* +22+2) +Cx + D
z? = Ax® + 242° + 2Ax + Bz® + 2Bz + 2B+ Cx + D
22 = A® + (2A+ B)2? + 2A+2B+C)xz +2B+ D

Porovnanim koeficienti u jednotlivych mocnin z dostavame soustavu:

0=A4
1=24+B == B=1
0=24+2B+C 2 0= 2

0=2B+D =% D=-2

2
x lin. 1 z+1
———dr = | V———dz -2 | 55— d
/(:c2+2:c+2)2 v /:(:2+2:c+2 v /(x2+2x+2)2 v

h_n./ 1 dx_/ 2e42
) (w1241 (x2 +22+2)2 7

:{y:m—}-l’ dy: dx,z:x2+2x+2, dZ:(2$+2) dx}:

1 1 1
:/y2+1 dy—/z2 dz:arctany—kgz

1
242z +2

= arctan(x + 1) +
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NiZe je uvedeno jen ¢astecné feSeni
rozklad na parcidlni zlomky je algoritmicky a snadno jej provedete sami

Piiklad 1 (h)

r+1 9 2(zx+1)
- dx=|y=2*— L,dy=2z—-1) de|= | m—5——~ dz =
/mQ—x—l—l r=ly=a" o+l dy=(20-1) daf /2(m2—x+1) .

2 2—-3+3 in. 1 22 — 1 3 1
:/de@-/l‘m/dx:
22?2 —z+1) 2) 22—2x+1 2) 22—x+1
1/1 3 1 3 4 1
— dy+/d flogy—kf /dx:
2SR Ty
+1

4 1 4
Z:\[z(”f‘2>’d2:\/;
B 3 1 el o /3 B
=35 oglz® —x+ 1]+ 2 1] 2 %= oglz® — x4+ 1|+ V3arctan z =

1 4 1
= ilog’xz—x—i-l\-i-\/garctan <\/g (x—2>> =

1 2 2z-1
:210g|x2—$+1|+\/§arctan<\/§- 932 )

1
/dx— y=xz+1, dy = dx|—/dyilog\yl—log\x+1|
Yy

Piiklad 1 (i)

—31 + 2 ) -2 3r42
/xQ—:c+2 dz }y ¥ —r+2, dy=2x dx’ _% x2_$+2dx

3 (20—3+1—-1  4n 3 2z — 1 3 -1 1

2/ 2_zt2 2/x2—x+2 S T N - B R

NN

3/1 1 1 1 4 1
_ 2 dy+/dm:—logy+ /dx:
2/ 2) (@-4)"+ T ( )2+1

1 1 1 3, o 7 1

c 1 4 1
= —2log|x2—x+2|+\farctanz: —glog|x2—x+2|+\ﬁarctan (\/; <x—2>> =

2 2x-1
i 2

3 1
= —§log|x2 —z+ 2 —i—arctan(

VT

3 1
) = —§log|ac2 —x + 2|+ —= arctan

V7 V7

Piiklad 1 (j)
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r+1 9 2 rz+1
T e=|y= L dy=@e+1)de|= [ 2 -2 qz=
/a:2+x+1 r=ly=atotl dy=(2e+1) def /2 Zrzil

lin'1/2m+2_1+1d 1in_1/ 20 +1 q +1/ 1 d
= - —_—m xr = — —_— €T —_ —_—mm €Tr =
2 24+ x+1 2] 22+x+1 2/ 22+zx+1

1 /1 1 1
Ry Py —.
Y (#+3)"+3
1 1 4 1 4 1 4
= log|y]—|—2 S/de:z:\/;<x+2>,dz: gda:
( >+1

1
m+2

\/g

1 3
log |#? + 2+ 1| + = \/>/ 2+1 éQIOg\xQ—i—x%—lH—\garc‘canz:

1

2

L 1 1 1
25 og |z +x+1|+\/§arctan\/g<x+2> =

1

P

og |22+ 2+ 1| + 1 ; 2 2z +1 11 02+ o4 1]+ 1 ) 2z +1
= T T ——=arctanl —(————— = — 108 |T T ——= arctan
V3 Vi 2 2° V3 V3
x—1 hnl 20 —24+1-1
—————de=|y=2"—2+1, dy= (22— 1) d S dr=
[ttt = oo pan <2 g [E R

in. 1 20 — 1 1 1 1 /1 1 1
S ST A S S DA S T
2) 22—x+1 2) 22—2x+1 2/ y 2) (-4 +

4 1 4
z = 3<x—2>,d2— gdm

=~

1
2

1 1 4 1
g’y‘ 2 3/2(31.%'—
(I )+1

3
4

;log]az —x+1|—\/>/22+1 zé;log|x2—x+1|—\}§arc‘canz:
é;log]xz—x—i-ﬂ—\}garctan\/§<x—;>:
:llog]xZ—x—i—l]—iarctanlE:

2 V3 V32

110g]x —ac—l—l]—iarctan —1

2 V3 V3

Piiklad 1 (k)

1 1 o1 1
de=|y=22+1, dy=2dz|= [ — dy < =1 = —log |2z +1
/21,“ r=ly=2r+1, dy x| /2y y 20g\y! 20g!x+ \

2 + 1 .
/J:Q—ix-—at—kldley:ﬁ—i_x—i—l’ dy = (22 +1) dx\=/y dy < log |y| = log [2” + & + 1|
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7r+5 lin. :L'—i—%
T qp=ly=a?ta+1, dy=(2z+1) dz /dx:

224z +1)°
7 [0+ 8 -242 7 2 + 1 7 3 1
:/ 7 7 27 dCL':/ 2d$+'/2
2 (@2 +2+1) 2) (22+z+1) 2 7)) (22+2+1)
7/ 1 3/ 1 7 3/ 1
=[S dy+2 | ——— Az =—— o [ —— _dz=
2] Y72 (22 + x4+ 1)° 2y 2) (@?4ax+1)
2@ ta+1) 2) (a2+42+1)°
1 1 1 1
(e (+5)7+1)
3 +1
Vi
4 1 1
:u:\/7 T+ = ,du:[dx—G \f du =
3 2 u2—|—1

= |u =tant, du =

MYy —

tan? +1 cos? t

I L1 8B, 8VE
- = tdt = V2 (costsint +t
9 /(sinmcos%)?cos% / 2(005 sint + 1)

cos2 t

cos?t

Vyse se vyuzilo néasledujiciho:

PP . . . . .
/COSQ.T dx:/cosa:'cos:c dx = sma:cosa:—/smx(—smx) dx281nxcosx+/51n2x dx =

. lin. .
:sm:vcos:r—l—/l—coszzv dr = 51nxcosx+x—/coszzv dx

Vyjadienim ze ziskané rovnosti dostéavame:

1
/cos2x dz = 5 (sinzcosx + x)

Pricemz: v = tant, tedy t = arctant Navic 1+ tanzt =

%t, tedy 0032 t=
sintcost = Smt cos t=tant—3 —~

2t+1, tedy costsint =

1 ¢ 43 u 443 2r + 1 \/g(l’ﬂL
—_— dr = — [ arctanu + 5 = arctan +
3 (9” + 2)

)

1
2
)+1

Piiklad 1 (1)

Rovnice ¢ 4+ 22 + 1 = 0 je reciproka. Jak na reciproké rovnice vizte zde:

m. Z toho plyne,

dx =

7e
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https://www2.karlin.mff.cuni.cz/~ portal/komplexni cisla.dp/?page=rovnice-reciproke

z*+22+1=0 vydélime vyrazem 2°

) 1 1, 1\ 1

r+1l+—5=0, y=x+—y'=|z+-| =27+2+
x X X x

= y*—1=0

(y+1y—-1)=0

Rovnice z% + 22 4+ 1 = 0 Ize substituci y = = + % prepsat na (y + 1)(y — 1). Po provedeni desubstituce
dostavame rozklad: ! + 22 +1= (22 +z+ 1)(2? —z +1).

Rozklad na parcialni zlomky ziskdme vySetfenim rovnosti:

2+ 1 Ax+ B Cx+D
(xt4+224+1)2 224zx+1

Ex+ F Gr+ H
(2 +x+1)2 22—2+4+1 (22—2+1)2
Dostaneme: A:B:D:E:F:H:%,C:G:—%.

r+1 2 1 [22+2—-1+1
/Mdh}y:w +a+1, dy=<2z+1>d$\=z/

5 dx =
e+ ax+1
in. 1 2 1 1 1 1 /1 1 1
¢+ T+ x*+ T+ Y (x+§) + 4
1 1 4 1 4 1
| Sl N R P e 2,4 24
2og|y|—|—2 3/ R r=|z \/;<a:+2>, z \/;m
T+35 +1
\/E
4
1 2 3 1 1 1
:210g]x2+x+1|+3-\2[ z2+1dzéilog\xz—l—x—l—l\—l—%arctanz:
1 1 2 1
§log|az2+x+1|+—arctan vt

V3 V3
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r+1 2 1 [2z+2-1+1
Gt == e =@y an = [ R 4=
in. 1 2 1 1 1
“i wrar e
e (@+5)7+3)

1 1 1 1

u =tant, du =

1 4\/3/ 1
22 +x+1) 9 (u?+1)2
1 4
222+ x+1) 9 (tan?t + 1)2 cos?t

1 4v3 1
T2+ +1+\9[/ i 2 dt =
(ZL‘ T ) (sm C(—)&-SSOSZ ) cos2 t

1 44/3 5
- tdt
2($2+x+1)+ 9 /COS

Vyuzijeme nasledujiciho:

PP . . . . .
/COSZI' dm:/cosm'cosx dz = sm:ncos:n—/sm:n(—smm) dx281nxcosx+/81n2m dr =
. 2 lin. . 2
=sinxcosz+ [ 1 —cos“x dr = sinxcosxz+x — [ cos“xz dzx

Vyjadrenim ze ziskané rovnosti dostavame:

1
/COSQ$ dz = B (sinzcosx + x)

Pokracujeme ve vypoctu:
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xr+1 _

v qr=
/(932+:L“+1)2 v

1 4 c
)—i- \g/g/cos%dt:—

2w+ 1

1 2v/3
L 2V3

T2 +z+1) 9

Zbytek analogicky.

Piiklad 2, 3, 4

1 4v/31
4B

(tan tcos?t + t) =

222 +x+1) 9

2 2
cos“t 4+ sin“t 1 1
1+ tan’t = = — co?t=——" | =
Tran cos? t cos? t o8 tan2t+1‘
1 2v/3 u
_ t =
2(x2+x+1)+ 9 <u2+1+arc anu)
2 1
1 2V/3 B Tt3 2 1
—2 5 1 + \9f \/g( 22 +arctan(x+2> =
(x2+z+1) (l(:r—i—l)) 1 V3
3 2
2241
1 23 = v+ 1
- -+ arctan
222+ +1) 9 V3

(

N

(:c—l—%))Q-i-l

https://www.karlin.mff.cuni.cz/“kuncova/2324LS_MA2/11res.pdf

3 (sintcost+1t) =
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